Abstract. Let A, B ∈ B(H) be Hilbert space contractions, and let AB be the elementary operator AB : X −→ AXB − X. A number of conditions which are equivalent to " AB has closed range" are proved.
Introduction

Given an infinite dimensional complex Hilbert space H, let B(H) denote the algebra of operators (equivalently, bounded linear transformations) on H. For A, B ∈ B(H), let AB ∈ B(B(H)) be the elementary operator defined by
AB (X) = AXB − X. Let σ( AB ) and σ p ( AB ) denote, respectively, the spectrum and the point spectrum of AB . It was proved in [5, Theorem 2] that if A 1 , A 2 ∈ B(H) are contractions for which λ ∈ σ(A i ) and |λ| = 1 implies λ ∈ σ p (A i ) (i = 1, 2), then the range A 1 A 2 (B(H)) of A 1 A 2 is closed. This paper dispenses with the hypothesis on the points in the boundary of the spectrum of the contractions A i to prove the following theorem. For a Banach space operator T , T ∈ B(Y), let isoσ(T ) denote the isolated points of the spectrum of T , asc(T ) denote the ascent of T , dsc(T ) denote the descent of T , and let H 0 (T ) denote the quasinilpotent part
there exists a pair of T -invariant closed subspaces (N, M ) such that 
Furthermore: (a) If the contractions A (and B) are such that the points λ ∈ isoσ(A) (resp., λ ∈ isoσ(B)) with |λ| = 1 are eigenvalues of A (resp., B), then 0 is a pole of the resolvent of AB if and only if the set {α ∈ σ(A) : .10] and elements of "local spectral theory"(for which we refer the reader to the excellent monograph [9] ). Our notation and terminology is explained below, and we prove Theorem 1.1 in Section 2.
The ascent of T ∈ B(Y), asc(T ), is the least non-negative integer n such that T −n (0) = T −(n+1) (0) and the descent of T , dsc(T ), is the least non-negative integer n such that T n (Y) = T n+1 (Y). Clearly, the operator T is injective if and only if asc(T ) = 0 and T is surjective if and only if dsc(T ) = 0. In the following, we shall denote the open unit disc, the closed unit disc and the boundary of the closed unit disc in the complex plane C by D, D and ∂D, respectively. The numerical range
where B(Y) * denotes the (Banach space) dual of B(Y). The numerical range of T is the closed convex hull coV (T ) of the spatial numerical range
]. If we denote the operator conjugate to T ∈ B(Y)
by T * , then coV (T ) = coV (T * ) [3, Corollary 9.6(ii)]. Hence: 
We say that T is semi-Fredholm if T (Y) is closed and either α(T
) = dim(T −1 (0)) or β(T ) = dim(Y/T (Y)) is finite. If T is semi-Fredholm, then the (Fredholm) index of T ,
ind(T ), is defined by ind(T ) = α(T ) − β(T ); T is said to be Fredholm if ind(T ) is finite. The analytic core K(T ) of a Banach space operator T ∈ B(Y) is defined by
) (ii) ⇐⇒ (iii). Evidently, (ii) =⇒ (iii). For the reverse implication, we observe that if 0 ∈ isoσ( AB ), then B(H)
Hence, dsc( AB ) ≤ 1, which implies that asc( AB ) = dsc( AB ) ≤ 1 =⇒ (i). Evidently, (i) =⇒ (iv). 
The reverse implication (iii) =⇒ (viii) being obvious (from the proof of (iii) =⇒ (ii)), the equivalence follows.
To complete the proof of the theorem we now consider (a) and (b). To prove (a), we observe that if 0 is a pole of the resolvent of AB , then 0 ∈ isoσ( AB ). Recall [7] that σ(
Conversely, if 0 ∈ isoσ( AB ), and the isolated points of σ(A) and σ(B) in ∂D are eigenvalues of A and B (respectively), then the argument of the proof of Theorem 2 of [5] implies that H 0 ( AB ) = −1 AB (0) (i.e., (iii) is satisfied), which implies that 0 is a pole of the resolvent of AB . To prove (b), we start by observing that if 0 is a pole of the resolvent of AB , then asc( Reversing the roles of µ 1 and µ 2 , we have ( AB − µ 2 ) −1 (0) ⊥ ( AB − µ 1 ) −1 (0), and the proof is complete.
